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Abstract

This project aims to calculate the phase diagram of the 1D Bose-Hubbard model using
the suggested method for quantum many-body problems in Carleo et al. [5], based on
neural network quantum states. For this case, our artificial neural network is a restricted
Boltzmann machine (RBM). Before focusing on the RBM, we discuss the Bose-Hubbard
model. Then, we introduce the RBM and its ansatz. To optimize the RBM ansatz, we
use a variant of the stochastic gradient descent called the Root Mean Square Propagation
(RMSProp) [7]] with the Metropolis-Hastings algorithm and automatic differentiation [5].
As aresult, we obtain the phase diagram of the 1D Bose-Hubbard model, which is coherent
with the results of DMRG [1].
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1 Bose-Hubbard Model

The Bose-Hubbard model describes spinless bosons’ system on an optical lattice, which can
be considered repulsive interacting atoms at low temperatures. The Hamiltonian of the model
can be written as follows

H— —t%(bjbﬂrb}bi) +52ni(ni—1)—yzini (1)
where ¢ is the hopping strength, U is the term of on-site interaction strength, and y is the
chemical potential that determines the number of particles in the ground state. l;j, b;, and
n; are the creation, annihilation, and number operators of bosons for the i-th lattice site,
respectively. The term of (i, j) means the nearest-neighbor sites.

By studying the model’s limits, we can show that the system can exist in either the Mott
insulator or superfluid phases.

1.1 Mott Insulator Phase (¢ < U)

Since we can set t = 0 for this case, the Hamiltonian becomes

where fAtl- is the local Hamiltonian. It is clear to see that the eigenstate of il,» is the Fock state
so that

. U . )
hiln) = (?ni(ni -1) - Imi> ;)

where E; is the eigenvalue of h;.
To find the local occupation number ny (U, i) of the ground state (the perfect Mott insulator
state), we first can say that

E, > En—1
U U (4)
Eno(no —1) — pny > E(no —1)(ny — 2) — p(ny — 1)
which results in
% >y — 1 5)

where E,, = min E, is the ground state energy.
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Figure 1: E;/U vs. u/U for the Bose-Hubbard model with ¢ = 0.

Similarly, we can write the following

Eny1 > Ep,
%(no + )ng — p(ng + 1) > gno(no — 1) — uny ©
which results in p
ny > T (7)
The ground state of the system (¢t = 0) with n, bosonic particles exists when
n0>%>n0—1. (8)

Generally, the local occupation number ny(U, 1) of the ground state can be written as
follows
0 if0>fandn=0

n ifn>%>n—1andneZJr

no(U, ) = { (9)

Therefore, this ground state has the following exact solution for the ideal case (¢ = 0) [3]

B Ns 1 A ny(U,p)
) = [ [ s (8)" "l (10)

where N; is the number of lattice sites, and |0) is the vacuum state, which indicates that each
lattice site has the same number of particles — ny(U, p).



1.2 Superfluid Phase (¢t » U)
In the case of t » U, the Hamiltonian reduces to

Ho = 1) (bTb + bl ) ,uZn, (11)

iy
which can be diagonalized only in the Fourier space by finding the Fourier transform of the
creation and annihilation operators as follows [2]]

bl = \/i\fis g exp (—i(k - r;)) l;lt (12)

b = jﬁsgexp(mk-ri» by (13)

where N is the number of particles in the system. After inserting these transformed operators
into the transformed Hamiltonian, we get [?2]]

A

Hse = . — (& + p) blb (14)

k

where &, = 2t Z‘;zl cos(kna) and d is the number of dimensions of the lattice.
In this limit, the ground state is a Bose-Einstein condensate in which all bosonic particles
are in the state where k = 0 [[4], which can be written as

) = < (beca) 100 (

1.3 Mean-Field Theory

We can trivially study the 1D Bose-Hubbard model within the mean-field theory.
To do so, we define a 1D lattice. Then, the Hamiltonian for the m-th lattice site becomes

Zb*) 0) . (15)

R ar a s n A Uu. . X
Mo = —t (b;bm_1 bbb+ B by + bjn+1bm) i (i = 1) = it (16)
We can simplify this Hamiltonian by setting that
a= l;;rn—l = by = I;In+1 = I;m+1 (17)

which is defined as the mean-field parameter so that the mean-field Hamiltonian H* turns
out to be

U
HMF = —2qt (bT +b ) 5 — iy (A — 1) — iy, . (18)

To numerically calculate and plot the phase diagram for the 1D mean-field Bose-Hubbard
Hamiltonian HXF, we first need to write the creation and annihilation operators as matrices.
For bosonic Fock states, these operators can be represented as the following matrices

[0 0 0 - 0 0 O]
VY1 0 0 =« 0 0 0
A 0 /2 0 - 0 0 0
bi=10 0 3 ~ i 0 0 (19)
: o 4 /4 0 0
0 0
0o 0 0 0 VN 0
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[0 /1 e 0 0 ]
0
0

0
b, = |: V4 : (20)
0 0 0 =« =~ =~ 0
0 0 0 0 =~ 0 4N
0 0 0 0 0 0

Secondly, we need to optimize the mean-field parameter «. Ideally, « must be equal to <I;>
Thus, with a self-consistency procedure, the optimum value of the mean-field parameter o
can be found as in Algorithm 1]

Algorithm 1: The Self-Consistency Procedure to Find oy

pre
aopt

— 0
Qopt <— 1
while not |a, — gy | < € do
find the normalized ground state [¥s) for oy via the NumPy’s function of
linalg.eigh
ag;f N aopt
aopt <~ b\I]GS
end while

After making the mean-field Hamiltonian IA{III\IAF dimensionless as follows

HME to/a ~ 1, . .
lr]n = —20{5 (bjn + bm) + Enm (nm - 1) - %nm> (21)

we can construct the mean-field phase diagram for the 1D Bose-Hubbard model as in
Figure [2]

2 Neural Network Quantum States

Carleo et al. [5] has shown that the quantum many-body problems such as the Heisenberg
model and Ising model can be solved by using an artificial neural network (ANN), so-called
a restricted Boltzmann machine (RBM) with a reinforcement-learning scheme. Using this
method, McBrian et al. [6] and Vargas-Calderén et al. [8] found the ground state of the 1D
Bose-Hubbard model and constructed its phase diagram.

2.1 Restricted Boltzmann Machine Ansatz for Wavefunction

In our case, we consider the Fock basis; therefore, the ground state of the 1D Bose-Hubbard
model can be written as follows [8]]

[®es) = ) ¥(S) n(S)) (22)

S
where S = (ny, -, ny,) is the occupation number configuration, n; is the bosonic occupation
number of the i-th lattice site, and |n(S)) = |ny, -, ny,) is the Fock state concerning the
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Figure 2: Mean-field phase diagram of the 1D Bose-Hubbard model.

configuration S. To implement S into our RBM, we subdivide S into another configuration
called the one-hot encoding-like configuration Sopgr. This configuration has no difference
from S rather than having extra neurons n;; (or vi) to represent each occupation number.
These extra neurons are limited by n,,x — the maximum number of particles in each lattice
site.

nis— U —

Nip = Uy —

—
n >Mmax Unmax -

AN,1 = U(N—1) X nygax +1 —
NN,2 = U(N—1) X npax+2 —

—
nNs;nmax st X NMmax

Figure 3: Restricted Boltzmann machine used in our case.

The wavefunction of ¥(S) can be approximated as the RBM ansatz as follows [5]

Ns X Nmax M M Ns X Nmax
¥(S) ~ ¥(Somrs W) = Y, exp ( D @yt Bh+ Y D Wijhkvj> (23)
=1 i—1 i=1 =1

{h=+1}

where W = {a;, fi, W;;} is the set of the parameters of the RBM, Ay is the hidden variable,
a; and f; are the local weights for the visible and hidden layers, Wj; is the interaction weight
matrix, and M is the number of hidden neurons.



By definition, the wavefunction of ¥(Sopgr; W) can also be written as

N X Npax M
"P(SQHEL; W) = eXp < Z OCjUj> 1_[ 2 cosh [ei(SOHEL; W)] (24)
j=1 i=1
where 0;(Songr; W) is the effective angle
N X Nax
0:(SomeL; W) = fi + Z Wiv; . (25)
j=1

2.2 Ground State Energy

To calculate the ground state energy E(W), we use the variational Monte Carlo (VMC) as
follows

_ YosH¥es _ § ¥* (Soner; W) H ¥(Sonps; W) dSomr
<‘I’Gs|‘I’Gs> S |‘P(50HEL; W) |2 dSonEL

B S‘I’* (SomzL; W) % H ¥(SoneL; W) dSomeL

S ‘T<SOHEL§ W) |2 dSomnEL

HY(S, W
_ S ¥ (Somnzr; W)|? W dSonEL (26)

S |‘I’(50HEL; W) |2 dSonEL
_ S “"P<SOHEL; W) |2 Eloc(SOHEL; W) dSonEL
S |\y(SOHEL§ W) |2 dSOHEL

= JP(SOHELQ W) Eloc(SOHEL; W) dSomrr

E(W) = E

where H is the 1D Bose-Hubbard Hamiltonian, Ejo.(Sopg; W) = % is the so-called
= S|T(‘;I./()(li?_i[‘f'\g;))|/f§;OHEL is the probability density.

By sampling |¥(Sopgr; W)|?, we can approximate E(W) statistically as follows

local energy, and p(SopgL; W)

P
1 .
E(W) ~ Boois = 5 ), Boe( S5 W) (27)
i=1

where -y is the notation of the average over the sampling of |¥(SopgL; W)|? with the
Metropolis-Hastings algorithm, P is the number of samples, and S/ is the one-hot encoding-
like configuration of the i-th sample.

2.3 Metropolis-Hastings Algorithm

To carry out this sampling, we use the Metropolis-Hastings algorithm as in Carleo et al. [5]]. It
is a Markov Chain Monte Carlo algorithm to draw random samples from a probability distri-
bution iteratively. Direct sampling is laborious so that the formed Markov chain is expected
to converge to the chosen probability distribution without depending on the first sample.

We generate a Markov chain of the one-hot encoding-like configurations S — S@ —
- — S a5 explained in Algorithm



Algorithm 2: The Metropolis-Hastings Algorithm for the 1D Bose-Hubbard Model

randomly initialize S

forie {2,3,--,P} do
S/« S(ifl)
generate a random integer m € [1, Ni]
n,, < the occupation number of the m-th lattice site in S~
generate a random integer n’ € [0, Npay | \ {1m}
set the occupation number of the m-th lattice site in S’ to n’
R < U(0,1)

/. 2
if R < —T(\f;(f_’pf %V) then
S g7
else
S  gli-1)
end if
end for

2.4 Optimization of RBM Ansatz

Since the parameters of RBM are randomly initialized, we need to optimize our RBM ansatz
to obtain the ground state wavefunction. It is also known that the ground state is the one that
has the lowest energy in a given system, so the cost function that will be minimized is the
expectation value of energy.

Carleo et al. 5] state that this optimization can be achieved with stochastic gradient de-
scent. For each iteration k, we first do a sampling of |¥(S; W) |* with the Metropolis-Hastings
algorithm and calculate the local energy for each sample in the Markov chain. Next, we de-
termine Wy by calculating the variational derivatives Oy ,(S; Wj) with respect to the p-th
parameter of Wy of ¥(S; W)

O (S; W) = mik’p In[¥(S; W] = ‘I’(S;lwk) awa(f\;k:\?k) (28)
For the network parameters, the derivatives are
Ok (S; W) = ‘P(S?wk) a\P(g“;j M) _y, (29)
Ok (S: Wi) = \P(S;lwk) awgﬁéiw,() = tanh [6;(S; W] (30)
Orw, (S; Wi) = ‘I’(S;lwk) é“I’(aS‘Z/:Vk) = v tanh [6,(S; Wy)] - (31)

Thus, the gradient of the energy with respect to the p-th parameter can be approximated



as follows [55]

PEW)

_ * _ *
awk,p Gp(wk> = Eioc Ok,pMH Eocmu Ok,pMH

P P

1 . 1 .

= 5 2 (S W) 07, (SV W) — E(We) 5 2 0%, (8P (32
i=1

= i=1

"U

P

1 .

= Z Eioe( S ;W) — (Wk)] Oz’p(s(l); W)
i=1

"U

s0 Wi, turns out to be

Wei1p = Wip — 1 Gp(Wi) (33)

with a fixed learning rate 7.
To optimize the RBM ansatz efficiently, we can apply the Root Mean Square Propagation
(RMSProp) [7] to obtain an adaptive learning rate n(k, p)

3 Ui
n(k,p) = NSUAET (34)

where € is a small cutoff value, and

$5(We) = y5p(Wie) + (1 = ¥)Gp(Wier)* (35)
with the exponential decay rate y so that

Wit1p = Wip — 0k, p) G,(Whi) . (36)

2.5 Results
We choose Ny = 4, nya = 4, M = 6, P = 1500, n = 0.01, y = 0.9, and € = 1075,

2.5.1 Ground State Energy

As seen in Figure 4] the variational ground state energy with the RBM converges to its exact
value after a while.

2.5.2 Phase Diagram

To plot the phase diagram, we need to choose an order parameter to distinguish the phase
transitions. The variance of the on-site number operator Var(n;) is appropriate for this be-
cause it is expected to be zero for the Mott insulator phase and greater than zero for the
superfluid phase.

Once again, we calculate this value by using the samples produced by the Metropolis-
Hastings algorithm as follows

]

Zf:l T(SO);W)Z

S (SO RS W) [, m(s9) w(sO )]
Var(n;) ~

(37)

We plot a grid of the averages of Var(n,) resulted in the last 300 sampling steps by using
1500 samples for each iteration. The size of the grid is 33 x 33. The produced plot is in Figure
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Figure 4: Variational energy of the 1D Bose-Hubbard model as a function of the iteration k.
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Figure 5: Phase diagram of the 1D Bose-Hubbard model, calculated by the given RBM in
Section [2.5]

3 Conclusions

In this project, we successfully tested whether a restricted Boltzmann machine can be trained
to determine the ground state wavefunction of the 1D Bose-Hubbard model. Even though
some noises appear in the phase diagram (see Figure [5) due to the low-resolution grid and
small sample size, we can calculate it, which has better results than the mean-field theory.
Thus, it is more consistent with the numerical data from DMRG [1].

Firstly, as we say in Section[2.1} we prefer to use the one-hot encoding-like configuration
rather than the typical occupation number configuration since we have more fluctuations
in the variational energy convergence with the typical one. Those fluctuations may occur
because of the small number of neurons in the visible layer of the RBM. Even if we try to
increase the number of neurons in the hidden layer, they keep appearing.

Secondly, the Metropolis-Hastings algorithm provides us a sample from the Fock space
instead of the whole Fock space to carry out all calculations without dealing with many Fock
states. In our case, it is not so valid due to time restrictions; however, when N, and ng.y
increase, the sampling turns out to be more significant.

Finally, optimizing the RBM ansatz is one of the crucial points in this whole process.
Thanks to the automatic differentiation, we can efficiently compute the gradients. Besides,
the RMSProp allows us to update the learning rate so that the ground state energy converges
faster. Instead of the RMSProp, Carleo et al. [5]] use the stochastic reconfiguration method.
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For future work, one can determine the phase boundaries in Figure 5| differently, such
as applying the neural network quantum states to the canonical ensemble of the 1D Bose-
Hubbard model.
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